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Abstract
In this short article we prove two results on the Ginzburg–Landau system of equations
Du ¼ uðjuj2  1Þ; where uAC2ðRN ;RMÞ ðN; MX1Þ: First we prove a Liouville-type theorem
which asserts that every solution u; satisfying
R
RN
ðjuj2  1Þ2oþN; is constant (and of unit
norm), provided NX4 (here MX1). In our second result, we give an answer to a question
raised by Bre´zis (open problem 3 of (Proceedings of the Symposium on Pure Mathematics, vol.
65, American Mathematical Society, Providence, RI, 1999), about the symmetry for the
Ginzburg–Landau system in the case N ¼ MX3: We also formulate three open problems
concerning the classiﬁcation of entire solutions of the Ginzburg–Landau system in any
dimension.
r 2003 Elsevier Inc. All rights reserved.
Keywords: Ginzburg–Landau systems; Nonlinear elliptic systems of PDE; Liouville-type theorems;
Symmetry
1. Introduction and main results
In this work we consider the Ginzburg–Landau system
Du ¼ uðjuj2  1Þ in RN ; ð1:1Þ
where uAC2ðRN ;RMÞ and N; MX1:
Our ﬁrst result is a Liouville-type theorem for solutions of system (1.1).
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Theorem 1.1. Assume NX4; MX1 and let uAC2ðRN ;RMÞ be a solution of (1.1)
satisfying
Z
RN
ðjuj2  1Þ2oþN: ð1:2Þ
Then u is a constant function (satisfying juj  1).
The proof of Theorem 1.1. is based on the following three ingredients:
(i) Standard interior estimates for linear elliptic PDE’s (see [13]).
(ii) Every solution u of (1.1) satisﬁes jujp1 on RN (see Proposition 1.9. of [11] and
also [5,16]).
(iii) The monotonicity formula which asserts that, for every solution u of (1.1), the
function
EuðrÞ :¼ r2N
Z
Brð0Þ
jruj2
2
þ
Z
Brð0Þ
ðjuj2  1Þ2
4
 !
:¼ r2NeuðrÞ ð1:3Þ
is non-decreasing for r40 (see for example [2,18] for the complex-valued case.
The general case follows in the same manner).
Our second result concerns the following symmetry question, formulated by
Bre´zis. We quote the Open problem 3 of [4, p. 7].
Question (Bre´zis [4]). Let u :RN-RN be a solution of
Du ¼ uð1 juj2Þ on RN ; NX3
with juðxÞj-1 as jxj-N (possibly with a ‘‘good’’ rate of convergence). Assume
degðu;NÞ ¼71: Does u have the form
uðxÞ ¼ xjxj f ðjxjÞ ð1:4Þ
(modulo translation and isometry), where f :Rþ-Rþ is a smooth function, such that
f ð0Þ ¼ 0 and f ðNÞ ¼ 1?
We give an answer to the above question by making use of our previous results
(see [1,12]) about the classiﬁcation of the radial solutions of the Ginzburg–Landau
system in arbitrary dimensions, together with some remarkable results (see, for
instance, [6,7,9,10,19] and the references therein) on the existence of eigenmaps
between spheres of the same dimension.
We prove the following result.
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Theorem 1.2. There exists a solution u :R8-R8; of the Ginzburg–Landau system,
satisfying
(a) juðxÞj-1 as jxj-N;
(b) degðu;NÞ ¼ 1;
which has not the form (1.4) (modulo translation and isometry).
Furthermore, u is a radial solution, i.e., it can be written in the following way:
uðxÞ ¼ g xjxj
 
f ðjxjÞ; ð1:5Þ
where gAC2ðS7;R8Þ satisfies
(i) gðS7ÞDS7;
(ii) gAðSH5;8Þ8 (where SHm;N is the vector space of the spherical harmonics of
degree m in RN )
and fAC2ðRþ;RÞ is the unique solution of
f 00  7 f 0
r
þ 55 f
r2
¼ f ð1 f 2Þ; r40;
f ð0Þ ¼ 0; f ðNÞ ¼ 1:
(
ð1:6Þ
The paper is organized as follows. In Section 2, we analyse some consequences
of Theorems 1.1 and 1.2 and formulate three open problems concerning the
classiﬁcation of entire solutions of the Ginzburg–Landau system in any dimension.
Section 3 is devoted to the proofs of our main results.
2. Remarks and open problems
We start this section by analysing some consequences of our results established in
Section 1, and also formulate three open problems.
The result of Theorem 1.1 is in sharp contrast with the case Np3:
For N ¼ 1 and MX1; the function uðxÞ ¼ atanh xﬃﬃ
2
p
	 

; is a solution of (1.1) withR
R
j ruj2 þ R
R
ðjuj2  1Þ2oþN; provided aARM and jaj ¼ 1:
For N ¼ M ¼ 2; the existence of non-constant solutions, with ﬁnite energyR
R2
ðjuj2  1Þ2; was proved by Hagan [14] (see also [8,15]). We also recall that in this
case Bre´zis, et al. [3] proved a phenomenon of quantization for energy (1.2) namely,
every solution u; having ﬁnite energy (1.2), must satisfyZ
R2
ðjuj2  1Þ2 ¼ 2pd2;
where d is an integer number (corresponding to the degree of u near N).
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We also note that the solutions constructed by Hagan also provide an example of
non-constant ﬁnite energy solutions of (1.1), for N ¼ 2 and MX2:
To construct a three-dimensional non-constant ﬁnite energy solution of (1.1), we
proceed as follows. By our previous result [1] a function u of the form (1.5), with
a non-constant gAC2ðSN1;RNÞ and a proﬁle fAC2ðRþ;RÞ; is a solution of the
Ginzburg–Landau system (1.1) if and only if
(i) gðSN1ÞDSN1;
(ii) there exists a positive integer m such that gAðSHm;NÞN (where SHm;N is the
vector space of the spherical harmonics of degree m in RN),
(iii) the proﬁle f satisﬁes
f 00  ðN  1Þ f 0
r
þ mðm þ N  2Þ f
r2
¼ f ð1 f 2Þ; r40;
f ð0Þ ¼ 0:
(
ð2:1Þ
At this stage we take gðxÞ ¼ xjxj in (1.5) (note that gAðSH1;NÞN ), m ¼ 1 in
(2.1) and observe (see [12]) that there is a unique solution f of (2.1) satisfying
limr-þN f ðrÞ ¼ 1:
The above discussion proves that, for N ¼ MX3; there always exists a radial
solution u of the form
uðxÞ ¼ xjxj f ðjxjÞ: ð2:2Þ
Furthermore, this solution satisﬁes
R
RN
ðjuj2  1Þ2oþN if and only if N ¼ 3:
Indeed, the asymptotic behaviour (near þN) of the proﬁle f is f ðrÞ ¼ 1 N1
2r2
þ
o 1
r2
 
: This expansion follows from some general results about ordinary differential
equations (see for instance [15, p. 435]).
As above, this solution provides existence of non-constant ﬁnite energy solutions
of (1.1), for N ¼ 3 and MX3:
On the other hand, for NX2 and M ¼ 1; Modica [17] proved that every solution
of (1.1), which satisﬁes (1.2), is necessarily constant ð¼71Þ: The method used in [17]
relies heavily on the fact that M ¼ 1 (i.e., the scalar case) and cannot be used for the
vector-valued case MX2:
By summarizing all the previous results, we are led to the following.
Open problem 1. Let N ¼ 3 and M ¼ 2: Does there exist a non-constant solution of
the Ginzburg–Landau system (1.1) satisfyingZ
R3
ðjuj2  1Þ2oþN?
Let us now turn to Theorem 1.2. This result also shows that a new phenomenon
takes place in dimension N ¼ 8: the existence of two (non-equivalent) radial solutions
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both having topological degree equal to 1: This phenomenon does not take place for
N ¼ 2; 3 (see [8,14,15] for N ¼ 2 and [1,12] for N ¼ 3), where the only radial
solution, with topological degree equal to 1 (modulo translation and isometry) is that
given by (2.2).
Theorem 1.2. answers Bre´zis’ question in dimension N ¼ 8: Therefore, it is natural
to formulate the following.
Open problem 2. Study Bre´zis’ question (i.e., open problem 3 of [4, p. 7]) in dimension
NX3 and Na8:
Let N ¼ MX3: In view of Theorem 1.2, and previous discussions, there exists
non-trivial radial solutions of the Ginzburg–Landau system, i.e., solutions of the
form
uðxÞ ¼ g xjxj
 
f ðjxjÞ; ð2:3Þ
where gAðSHm;NÞN ; mAN and f ¼ fm is the unique solution of (2.1) satisfying
limr-þN f ðrÞ ¼ 1:
For this kind of solutions we see that
limR-þN
ðN  2Þ
RN2
Z
BR
jruj2
2
þ N
RN2
Z
BR
ðjuj2  1Þ2
4
" #
¼ mðm þ N  2Þ
2
oN ; ð2:4Þ
where BR denotes the ball centered at the origin and of radius R40; and oN is the
measure of the unit sphere SN1:
In particular, for a solution of the form (2.2), the limit is N1
2
oN ; while the limit is
equal to 55
2
o8 for the special radial solution constructed in Theorem 1.2.
The proof of (2.4) follows by a direct calculation of the energy of u; over the sets
BR: This calculation is easy, due to the special form of u together with the fact that
the asymptotic expansions of the proﬁle f and its derivative f 0 can be explicitly
calculated (see, for example, [15, p. 435]).
The above results together with the fact that the function
EuðRÞ :¼ ðN  2Þ
RN2
Z
BR
jruj2
2
þ N
RN2
Z
BR
ðjuj2  1Þ2
4
ð2:5Þ
is non-decreasing for R40 (again by Pohozaev identities), lead us to the
following.
Open problem 3. Let N ¼ MX3 and oN be the measure of the unit sphere SN1:
Let u be a solution (not necessarily radial) of the Ginzburg–Landau system (1.1)
such that the renormalized energy EuðÞ is bounded over Rþ: Does there exist
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mAN such that
lim
R-þN
ðN  2Þ
RN2
Z
BR
jruj2
2
þ N
RN2
Z
BR
ðjuj2  1Þ2
4
" #
¼ mðm þ N  2Þ
2
oN?
We conclude this section by observing that the answer to the above open problem 3
is afﬁrmative when N ¼ M ¼ 2: Indeed, in this case, the open problem 3 is
equivalent to prove that
2
Z
R2
ðjuj2  1Þ2
4
¼ limR-þN 2
Z
BR
ðjuj2  1Þ2
4
¼ pm2:
The latter formula is the well-known quantization effect for the Ginzburg–Landau
energy in R2; proved by Bre´zis et al. [3].
3. Proofs
This section is devoted to the proof of our main results.
Proof of Theorem 1.1. We split the proof into two steps.
Step 1: ruALNðRN ;RMÞ:
For every R40 and every xARN we deﬁne the function uRðxÞ ¼ uðRxÞ: Then, for
every R40; we have
DuR ¼ R2uRðjuRj2  1Þ in RN : ð3:1Þ
We denote by Btð0Þ the ball centered at the origin and of radius t40; and apply
standard interior W 2;p estimates to (3.1), with p ¼ N
2
; to obtain
jjuRjj
W
2;
N
2 ðB1ð0ÞÞ
pC jjuRjj
L
N
2 ðB2ð0ÞÞ
þ jjR2uRðjuRj2  1Þjj
L
N
2 ðB2ð0ÞÞ
" #
;
where C is a constant independent of R:
By Proposition 1.9. of [11], we know that jjuRjjLNðRN Þp1 for every R40: Thus,
jjuRjj
W
2;
N
2 ðB1ð0ÞÞ
pC0 ðLNðB2ð0ÞÞÞ
2
N þ R2jj1 juRj2jj
L
N
2 ðB2ð0ÞÞ
" #
¼C0 ðLNðB2ð0ÞÞÞ
2
N þ jj1 juj2jj
L
N
2 ðB2Rð0ÞÞ
" #
;
where C0 is a constant independent of R and LNðB2ð0ÞÞ denote the N-dimensional
Lebesgue measure of the ball B2ð0Þ:
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Now, since 0p1 juj2p1 and N
2
X2 (this is the only point where we use the
assumption NX4) we have
jjuRjj
W
2;
N
2 ðB1ð0ÞÞ
p ðLNðB2ð0ÞÞÞ
2
N þ jj1 juj2jjL2ðRN Þ
 
;
where C0 is a constant independent of R: The ﬁnite-energy assumption (1.2) yields,
for every R40;
jjuRjj
W
2;
N
2 ðB1ð0ÞÞ
pC00; ð3:2Þ
where C00 is a constant independent of R:
By Sobolev embedding, applied to ruR; we have
jjruRjjLN ðB1ð0ÞÞpC000;
where, once again, C000 is a constant independent of R:
The desired conclusion follows by observing that jjrujjLN ðBRð0ÞÞ ¼ jjruRjjLN ðB1ð0ÞÞ;
for every R40:
Step 2: u is a constant function (of unit norm).
The proof is by contradiction. Let us suppose that u is not a constant function,
then
(R040; a040 : EuðR0Þ ¼ a040; ð3:3Þ
thus, for every R0psot; the monotonicity formula implies
a0 ¼EuðR0ÞpEuðtÞ ¼ t2NeuðtÞ
¼ t2N euðsÞ þ
Z
Btð0Þ\Bsð0Þ
jruj2
2
þ
Z
Btð0Þ\Bsð0Þ
ðjuj2  1Þ2
4
 !
: ð3:4Þ
By Ho¨lder inequality we obtain
a0p t2NeuðsÞ
þ t2N 1
2
jjrujj2LN ðBtð0Þ\Bsð0ÞÞ þ
1
4
jj1 juj2jj2LN ðBtð0Þ\Bsð0ÞÞ
 
ðLNðBtð0Þ\Bsð0ÞÞÞ
N2
N
p euðsÞ
tN2
þ C
tN2
1
2
jjrujj2LN ðBtð0Þ\Bsð0ÞÞ þ
1
4
jj1 juj2jj2LN ðBtð0Þ\Bsð0ÞÞ
 
ðtN  sNÞN2N
p euðsÞ
tN2
þ C 1
2
jjrujj2LN ðBtð0Þ\Bsð0ÞÞ þ
1
4
jj1 juj2jj2LN ðBtð0Þ\Bsð0ÞÞ
 
1 s
t
	 
N N2N
;
where C is a constant depending only on the dimension N:
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The last inequality, together with the fact that 0osot; leads to
a0p
euðsÞ
tN2
þ C 1
2
jjrujj2LN ðBtð0Þ\Bsð0ÞÞ þ
1
4
jj1 juj2jj2LN ðBtð0Þ\Bsð0ÞÞ
 
p euðsÞ
tN2
þ C 1
2
jjrujj2LN ðRN \Bsð0ÞÞ þ
1
4
jj1 juj2jj
4
N
L2ðRN \Bsð0ÞÞ
 
: ð3:5Þ
By assumption (1.2) and Step 1 we can ﬁnd a real number s0; with s0XR0; such
that
C
1
2
jjrujj2LN ðRN \Bs0 ð0ÞÞ þ
1
4
jj1 juj2jj
4
N
L2ðRN \Bs0 ð0ÞÞ
 
p a0
4
;
therefore, for any t4s0 we have
0oa0p
euðs0Þ
tN2
þ a0
4
:
We obtain a contradiction by letting t-þN in the last inequality. This means
that u is constant (and of unit norm). Therefore we have established the claim. This
result also concludes the proof of Theorem 1.1 &
Proof of Theorem 1.2. By the results of [1] a function u having the form (1.5), with a
non-constant gAC2ðSN1;RNÞ and a proﬁle fAC2ðRþ;RÞ is a solution of the
Ginzburg–Landau system if
(i) gðSN1ÞDSN1;
(ii) there exists a positive integer m such that gAðSHm;NÞN (where SHm;N is the
vector space of the spherical harmonics of degree m in RN),
and the proﬁle f satisﬁes
f 00  ðN  1Þ f
0
r
þ mðm þ N  2Þ f
r2
¼ f ð1 f 2Þ; r40;
f ð0Þ ¼ 0:
8<
: ð3:6Þ
Therefore, to obtain the desired conclusion it is enough to prove the existence of a
map g satisfying (i) and (ii) with N ¼ 8 and m ¼ 5; and a corresponding proﬁle f
satisfying (3.6) with f ðNÞ ¼ 1:
From now on we set N ¼ 8:
Existence of g: For m ¼ 5; there is a map gAC2ðS7;R8Þ; of Brouwer degree 1,
fulﬁlling properties (i) and (ii). This result can be found in the works [9,10] (see also
the references therein).
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Existence of f: In the paper [12] it is proved that there is a unique solution of the
problem
f 00  ðk  1Þ f
0
r
þ mðm þ k  2Þ f
r2
¼ f ð1 f 2Þ; r40;
f ð0Þ ¼ 0; f ðNÞ ¼ 1
8<
:
for every integer kX3 and every positive integer m: Furthermore, the proﬁle f is a
strictly increasing function. This properties implies that u satisﬁes ðaÞ: On the other
hand, owing to the special form of the constructed radial solution u; we have that
degðu;NÞ is equal to the Brouwer degree of the map g: This shows that ðbÞ is also
satisﬁed. &
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